
chapter 4 .

linear D. E for higher order



4-1 General Theory .

IVP . y
"
- y=o y=C,e×+Gé× on too. -0)

Y /03=0 Y'103=1
.

Ylo)= C , 1- Cz=0
G- cz=

,
⇒ 24=1

Y' 10> =Ge°- Ge
-

o= ,
/ ⇒ {

4+4=0

⇒ c. = 's ⇒ cz= - I ⇒ y= Eet- Ie
"

BVP (Boundary
-Value Problem)

y"_y=o y-cie-X-C.ve
"

on c-oo.at

Boundary
condition Yeo>w ya)=l .

910)=c , -14=0 ⇒ c. = -Cz

ya > = c.etczé'= , ⇒
-czetczé

'
-4 ⇒G=¥

⇒ c. = ⇒ y=¥e×+¥é×



Example y
"

-1169--0 y=C,cos4XtCzsTn4✗

yo÷0 yl¥
0 0 = Cicosotczsino ⇒ 0=4 ⇒ y=GsTn4X

② o = Cz sin 4.
⇒ O=CzsTn2Tl

*¥ always True
for ltcz

i. BVP solution is y=asin4



-

How do we describe all of them ?



✗
,
5×+2
,
1

.
are linearly dependent

•: 5×+2.1=5×+2

ix. 5×+2, are linearly independent
•

: no way 5×+2 __ cx

where c is real number

/





Exam 2

4. I

| 4.34. 2
✓ 4.4

L £- solution for a nonhomogeneous eq
.

anyon.es#houd work
solution of corresponding homogeneous eg .

① to determine when a set of solutions is linearly indep / dep .

② To find general solution for homogeneous eg
. ( Yc)

③ to find particular solution for non- homogeneous e.9 . (Yp)



a) Determine whether the given function are linearly indep / dep .
Oh C-N, -00)

fix)=✗ fix)=✗
'

[ Eba] det [I:*.ba] = ad
- be =/911

2×2

,
2×1 = ✗ - 2X - 1 . ✗

2
= 2×1×4×2

W (4×2) =/
✗ ✗
2

a d c b

✗=O w IX. ✗4--0

✗ 1=0
w ix.F)¥0 (for all c-a.

a)Voy

⇒ X , X
'

are linearly independent .



b) Determine whether the given function are linearly indep / dep .
Oh C-N, -00)

fix)=é fix = e-
✗

wlé, e-
×
) =/
ex e-

✗

ex e-
✗ / = été

'T - e-
✗
ex

= - Ex
-✗
- ex

-✗

= -e° - e°

=
- I - I

= -2 to for all ✗c- too)

i. exand e-
✗
are linearly independent .



c) Determine whether the given function are linearly indep / dep .
Oh C-N, -00)

f-11×7=10524 fix -- cosh fzlx)=sin2×

COSZX = COSZX - sin2x

f , fz fz are linearly dependent
11 " "

COSZX cos'✗ sink



① Anarchist Chiana ,} + An Ayas ,

- asanas, - a.saran
- Aranas}

ffx)= ✗ ftp.X-Zfzcx-X-Zlnx .

-2

X-4nxwcx.li?x-4nx)=/✗ ×
" xYn✗

I -2×-3 -2×-34×-1×-3

° -0×-4 6×-44×-2×-4-3×-4 /
¥" ("""DX

"

O 6×-4 (64×-5)×-4 /
=
✗
""

(2) (61×-5)-11.6×-4
-

Kx - X-2-4164×-5) -6×+471-24×1

= (72¥10 -161×-61×+5-6 -112-4×1×-6=9×-6-+0 .

⇒ linearly independent.



Y
" -741+109--240

y=c ,
e2✗+cze5×+6e× , too, -10) general solution of non-homogeny

y :# y"=4e
"

ax

"

"
""""
"
""
"
= "

/⇒
"* "" "

form afonndamental
y '=5e5× y "=25e5✗
z

2 solution of homogeneous.

z5e5✗ - 3581110¥10 . equation

/
e
" e5×

ze
" yes

-✗ / = 5 @
"*Izezxxsx

=3 e
>✗

-1-0 .

Y' = bet y "=6e×
particular solution

be
" -768×+10 6e×=¢o.gg#x=zygJ-iYP=Ge'isaotttenonhomogeneoy

elevation .



HW 4. I

3- ④ 35.37.39 .④ 43 .









4.2 . Finding 2nd Solution : for
2nd - order linear differential equation

Given D.E. in a standard form Y
"

-117×39
'

-101×19=0 and y ,(×)

is one of the solutions .

Then the 2nd solution is

Yzlx) : y.cxjge-SPHdx-y.dk
* There is a way to get yzcx) without memorizing the form .

if you are
interested

,

then either read the textbook or ask

me during the office how :) .

e. 2g .) y
"-155=0 and Y.IN -4

. why canwe drop?

they only contributePhd = 5 QCX)=O
-
S5d✗ constant Terms

Yzlx) = 1. J#✗ = ) e-"DX of the solution .

= -Éé
"

we drop - § since wewrite↳e-
" we can writethem

as c-yzlx)

2nd solution : e-
5× Funeral solos :c,+ cze-TX)

=

in the general solution



What happens if you dont drop the constants ?
e-
Ssdx

yix= 1. Sidx = Se-5×+4 = - ¥ ( e-%-) +☐

= - § e'e- 5×+13 - I
c. p are constant .

- w

2nd solution 1st solution

so 2nd solu . yzlx) is really e-
5×
and the 1st solve Yilx

) is 1
.

The general Sola y a) = c. e-5×-1 G. I = C , e-
5×-1 C2

.

- ⇐ e
'
would be apart of constant C , .

* you can
also use auxiliary equation

hit 5m=o

to find the solution since the coefficients are constants .

m Cmt5) =D ⇒ m=o or m= -5

so general Sol : y a) = Geo
✗
+ Cz e-

b-✗
= C , +

czé5✗ .



e.g) . ✗
"

y
"

-69=0
,
Yik) =X

}
* we can't use auxiliary

Fen equation since coefficients
are not constants .

standard form : y
"
- ¥y=o

PCX)= 0 since there is no y
'

term
.

Qcx)=
-¥,

- Sodx

yzix)= ✗3)ÉDX = ✗3)_dX * cisaconseane

=x3éY×-box = X'e-
'[ - 5- e-5) = - ⇐ e-

'

×
"

¥d
.

2nd solve : ✗
-2.

general solution : C 1×3-1 Czx
-2

.



explain xemx

ay
"
+ by 'tcy=0 . y"+⑤y't£y=o .

pcx)
am
"

+ bmtc =o
.

m2 -1 1am -1£ =o . ⑤④ em
'×

.

mi-mz-i.ba?--Fa-s-aI0--o2.=-b/2a.Y,=emi-@a--2m--2mz
.

-

Sb1adXYzCx7yilx7J_yzdXf@Mi.x
efbladx

= em") DX

=em×fe%:d✗=emxfe"H µ
e¥H



④
e.g.) 4×29

"

-19=0 Yi=g×¥
pc⇒=0 . y

"-141×29=0 .

- Sodx

we have yz= ✗±ln×J÷Éd✗
= ✗
± Lux C- ¥ )-E- -×¥e

'
.

Yz= ✗
±

.

egi.F-F-x-pcx.ly" -14×29=0.

we have yz=×±gé×d✗
= ✗

± Lux

yz= ✗ Élnx .



HW 4.2 :

1. 3 . 5 .
7.9 .

11 . 13.15 .



4. 3
. Homogeneous Linear eq with

constant coecficients .

Consider a linear 2nd order homogeneous D.E.

ay
"
+by

'
+ Cy =o

(1)
.

a.b. c.
'

are

real number .

and2nd order equation amhtbm + cm°=o (2)
.

equation (2) is called the auxiliary eq . of D.E. ( D

solution of (2) will give us solution of a)

Case 1 : m , and mz
are distinct real roots . (means acm.ftbcmj-c.no

alma)4bCmDtc=o)
in this case , y ,=

em" and yz=eM
"

are solutions of (1) .

Thus general solution of a) an C-oooo)

is y=c ,
em

-✗
+ czemzx

e.g.) y
"
- y

'
- by =o a.eg.vn?m-6--lm-37lm-t2)--o .

Solution : m =3 , -2 .

Y=qeZ×+ gets
Ca and G Can be solved with initial value)

.



Cased : mama and real .

in this case , Y , = c.em
"
and ya __ Czxem '✗are

solution of (1) . Thus general solution of
CD an C-400)

Is

y= c. em
' caxem

"

e. g) y"t4y
'

-149=0
a.eq . m44m+4= (m-127cm -14=0.

solution : m= -2 (repeated woe)

9- c.e-
"
+ axe

-4



case} : Mi and me are complex and conjugates of each other .

i.e. me =L tip and mid - if lit can be mi-ip.me
-IP

in this case , y=ed×cc , cos Pxtczsinfx)
is the general

solution of a) . If m , =iP and mz = - if (2--0),

then y= C. cospxtcz.simfx.is
the general solution .

e.gl. Y'
'

+y
'

-124=0
a. eq .

mitm -12=0 .

m =-i±- = -1+-1--1

y=e
- "cc.ws#xtasinEH

= -±±i¥ ✗=L f-¥

e.g) y
"

-199=0 q.eg.tn49=0

zn 2=-9y=e°✗Cc , cos 3✗ -1C> sin 3×7
m = Ifq = -1-31

.
d-of :3 .

=c , cos
} ✗ tcz Sin 3X



Higher order D.E.

Same idea works - Say lm- a)Cm- b) lm- c) =o is a.eg of some D.E.

where a, b and care
real numbers and all distinct .

Then y= c.e
+ Czeb

✗
+Ge
*✗

will be the general Sol of

the D.C- .

If cm-a)3=0 is a.eg . of some D.E. then

y=c,ea×+cz×ea×+c, ✗2ea×
is the general Sol of

the D.E.

e.g! Solve y
""

-12g
"

+ y=o aeq . m4t2m2-11=0 .

since roots are repeated, we get [MID 1m41) -0 .

ME-1 ME - I
y=c ,e'

✗
+ Cze

-"
+ Csxe

" cixé
"

m -- II m= -12 12=0
, (3--1-1)

¥ c , cos✗ +Casini +Caicos
✗+ Cy ✗sinx

Crelabel;D
So II is a repeated root .

* Euler formula : e' = cosxtisinx.es#=cosx-isTnX
.



Higher order D.
E

any
">
+any

" -"

+ . - . - + ao y =o .

An MA -1 any Mme . . . . -1 A = 0 .

-

m ,

- n times .
(M
- Mi )^ = 0

.

e.mn/.xem'
×

,

✗
'em

'×

,

. .
. -
. -

,

✗
"' em"
- linearly
indep

general Sola :

y = c. e
""

+c. ✗em
' ✗

+ - . . + Cmx
"- '

em .

174y"'t4y"+y'=O.4m3+4m4mÉ-
m (4hr44m -117=0

F- c.e°×+czé+↳✗e
mttm -15=0

MYO MI
-E m }=

- I
.



178 2g
"

-129
'

-19=0 zm2+zm -11=0 .

m=→±_
y=é÷×(

cios-EX-G.si#x).=-z+-IY=-.i+-I!x=-'-zp=E
.



4-4. Undetermined coefficients .

- Superposition approach .

Q : When can we use
" undetermined coefficients

"

?

A : D.E. of type ay
"

+ by
'

-19=81×7 More constant

a. b. c
are real numbers ( constant) and 91×7 = / polynomial

sinpxcospx
* it 91×7=0,then ay

"

-1 by
'

+ CY -0 ,

7
/
e.
✗ ×

is a homogeneous, linear, degree
2 D-€ ' ( finite sum

go we can use auxiliary elf to solve and product

ut
so

. 91×7-1=0 .

* higher order
can also be solved as long as coelt:S are constants

.

* * If gcx) -1-0, then ay"tbY'tcy=gtd
is a non-homogeneous - linear

degree 2
D.E. We first find

a general solu for ay
''t by 'tcy -0 .

which will be denoted
as Yc (complementary function) am we

find any
one solution that works for ay

"

+ by
'

-1cg = glx) . denoted

as yp (particular solution) .



e.g.P solve y
' '

-1241--39=4×+2 .

Step
1 : Find yclx) solve Y'

'

+ ZY
'

-34=0 .

a.eq
hitzm-3=0

Cm-1336-11=0

ye☒)= c.
e→×+Ge× m=- 3. m=l

.

step 2 : Find yplx)

since y"tzy
' -39=4×+20 , Y has to be some

kind of polynomial

so we guess that yp=AxtB ,
A,B a real number .

since yp is a solution of y
"

-12g
'

-39=4×-12 .
we should have

Yp
"

-1 Zyp
'
→Yp = 4×-12 .

THEE
yp 1×7=17×-113 Yp 'W= A yp

"

( X)-0.

so yp
"

tzyp
'

- 3Yp=O + ZCA) -347×-1137 . =-3Ax-ZB -12A

Should be = 4×+2 .

so -311-4=411 and -313-14=2 ⇒ A= - -34 -31341-451-2=2
⇒ D= - I. (F) = -¥



Step3. Find
the general solution

y cgenevdsoln ) yctyp
= c. e-
"

+ GEE g- ✗ - 1¥ .

* There is a
lot of algebra used to find yplx) .

prepare to spend some time with homework
.

* * Guessing the correct form of ypcx) is very important

in this solution . try to guess the correct form ofYpf×) with HU.

use this

table to

guess the form
of yp 1×7



example ②

example .



example ③



When the table does not work .

ex)④y "+ zy ' -3g =e×

Step 1-. Find Yclx)
a. eg . mZt2m-3=0

th-13) (m-11=0

ydx)=Ge→×tCze× m= -3
, I

step2 : Find yplx)

glx)=e× so yplx)=Ae× (used table!

Then ypkx)=Ae× and yp
" a) = Ae×

so Yp
"
-12yp

' →yp =/4e×+Ae×_3Ae×
=O

=e×(since y
"

-12g
'
- 3y=e× )

.

which means O=e× - . . which is not possible .

So what went wrong? we needto have ypardyc
Solution Yecx) : Gé

"

-16¥ to be linearly independent

Yccx) is not linearly independent with Y.ph/1=AEihthatcas5Letypix:xAexcmulit-ipY✗to your guess otypcx)



step 2 (
take 2) : Find Ypcx)

gl✗1=é so Ypcx) =Ae× but sine Yecx)= Ge
-3×-1 Cz

lety.ph/3--xAex.Yp'=AeXtAxe' yp"=Ae×tAe×tAxe×
= 2Ae× + Axe ?

yp
"
-1 Zyp

'
- 3. Yp = kAe×tA✗e✗)+zCAe✗+ Axe 's

- 3A✗e×

=2Ae×+2Ae×+AtA3Ax§=o
=4Ae×

should be = ex

so
4Ae×= ex

417=1 and A-- ¥ .

So ypcx)=¥xe✗

¥: Find the general solution

y= c. e-
"
+ Ge

✗
+ ¥×e× .



More example on choosing the right yp .

eg .D⑤ y
"

-13g +24=6 m43m-12

Cmt2) anti)

yclxt.ae#-cze-
✗

m= -2
,
-1
.

Yplx)=A .

e.g)⑥ y
" -139=-48×6

"
m 7-3=0

m= -1-532

YCCX)= Cieosnfxtczsinnfx

Ypc = 47×2+13 ✗+ c) e
> ✗

e.g! Y
" -149=3 sinzx (m74w )

m= 1=22

Ye (E) = C , cos 2×-1
CZSTNZX

Yp Cx) = ACOSZX -1135in
2X

which contains yccx) so multiply ✗ to Yp .

use ypcx)
= Ax cos 2x c-Bxstn 2X



e.g .
)⑨Y"ty= 2x sin ✗ e m4i=o)

m = II.

Ye Cx) = Cicosx + CZSTNX

Ypcx) = CAX
-113) cos✗ 1- CCXTD) stmx

But Bcosx + Dstn
✗ is part of you).

So multiply ✗ to Yp 1×7
'

use Yplt)
⇐ (Ait Bx) cos✗ 1- @✗4-DX)sTnX.

e.g)! y
"

-2g
'

-15g = e.
✗
cos zx cm? 2m -15 )

m=2±I = EEEYccx)=e×Cc, cost+ czsinzx)

ypcx) = Aécos 2×-1
Be×sTnZ✗

= 2+-2-41 = 1+-2 ;

But 9pct) canbe obtained from Ydx)

so
,
multiply ✗ to Yplx)

* ypcx)= Axécos 2×-1 Bxésinzx



e.g.)! y
"
t Zy

'

-249=16- Cxt 2) e4× m 4-2m -24=0.

(m-16) (m-4) to
Yccx)= c,

e4× +Gets
m= 4

,

6

Yp (X)
= A + ccx + D)

e4×

55
-

Ypz .

De in Ypz can be obtained from
Cle
"×

multiply ✗ to Yp, not
all otyp ( but just Ypi@✗+D)⇒

Use yplx)
= At Cc ✗2+13×3 e

"✗
.



eg . ! ) : Y
" "

-2g
"'+y"=O

m4_m4zm=O .

m
-

(m
'
-2m-117=0 Y = Ye

Mtm-Dem - 1) ⇒
= C ,e°×+Czxe°×+↳e×tC4×É

m=0 . 1 . repeated .

=ci-czx-czex-caxexeg.IO) : y
"

-12g
'
-3y=eZ×+✗

.

.

m 42m -3--0.

Yclxl = Ciétczé
"

cm -13)(m→=o

ypcx) = Ae
"'tBxtc m= -3 . 1

.

Xp. If
Yp
' 1×7 = 2×-0×+13

Yp
" 1×3 = 4A e

"

Yp
"

typ
'
-3yp=4AeZ✗t2GAe%B)- 3(Ae%B×+c)

= 4Ae
" -14A e

"
- 3Ae
"
-313×-1213 -BC .

= 511-0×-323×+213 -3C
.

=e•×+✗
A=É 13=-5 c=z yp(☒=¥ez± ; ✗ + §

y=aeÉé
"

e"-5×+5



eg . ) y
"
-12g '+zy= e-

✗sink)

m4zm-12=0 m=
= -2+52--4=-1+-2
2=-1 f- I

T.ch/)--eI&cosxtCzsThX).YpCX--Ae-XsinXtBe-'cosx Nope !

×
.

e.g.! ) y
"

+ y
'

-2y= e.
✗
+ ✗ e
"

m2+m -2=0 (me) (Wil) =D -2 .
1
.

You)= c. e-
↳
+ Ge

✗-

Yp 1×7 __ ¥g¥ -143+-1 e
"

Nope!~
Ypcx) = ✗A @

✗
-1 113×+4 @* .





4. 6 Variation 4- Parameters
.

Used for 2nd order linear
D-E Y'tpcxy't Qcx)y= tix)

( so any problem from 4-4 undetermined coelt can be used

here as well ) . This method will
be simpler & taster .

Steph : Complementary function Ye = Ciyit Czyz . (since
D-E- isdegz

Yc has twoparts
.

Step : Compute W=Wlyif ,
) -0 Wronskian .

\

= det /
Yi Yz

Yi yi /
Steps : compute we /

° 92

yzi / WE /Yi
0

yifix /
Step : compute ui=¥ and ui =#

Steps : compute it , = Juidx and Uz= Sui DX.

Steph : particular solution yp = Hey , -14292

slept : General solution D= Yp -19C



* There are lots sot steps . ! Make sure you
are careful with

W , and Wz.

* * Not all non- homogeneous
D.E. can be solved using undercoat.

gex) needs to be
ot certain type with variation parameters

g. 1×1 can
be any type offunction .

e.g.) y"ty= secx

step 1
.
Find you a. og .

m4l=o

ME -1

m= Ii ✗ = O , f = I

yc[✗)= @
•✗

( c. cos✗ + czsinx) = c
,
cos✗ + czsThx

y , -_ cos × yz=sTnX A it does not matter which one you

should shoose as Y , and yz . if

we let yi-sinxandyzi.com .

We will still get the same answer.



step 2 . compute w= wcyiy ,,

Yi yi
/ = det /

cost sinx

W=det /
☐ ' %

- gym, cos✗
/ = cost - tsin ✗ )
= c-5×+51-I = 1 .

step } . compute w , and Wz .

g-[×, y ,
/ = /

° ""✗ / = O -Cosi- sinxsecx = - = - tanx

W ,=/
° 82

secx cost

0

-
sinxs.eu/=cosXsecx-o.c-shx)-- ¥÷×

= 1 .
MY Yi fix, / =/

cosx

step4. Compute
U ,

'

and uz
'

ui=¥=-ta¥= - eanx Uz'=
= 'T --1

.

U = Cos✗

Step 5 .

Compute hi and U2. au= - sin ✗DX

u , = Suidx = f- tanxd
✗= f-%,dx= Hindu = Kul cos ✗I

* constant
will only contribute

another constant in the SolaUz=fuidx=fidX=✗ .

so we can drop it in this
etep :)



Step. Particular solution .

Yp (x) = UM -1 Uzyz = In / cos✗ / cos✗ + ✗ stnx

step General solution

YCXI = C , cos✗ + czs
Tux + In / cos✗ 1 Cos ✗ 1- ✗six

.

Y CX) is the solution to
the given

D-E. for any ✗ in

the interval not including II , n odd, since cos 5¥ to

and In Cws TI ) = undefined .

Somtimes fuidx and guide can not be expressed in

terms of elementary functions .

Then we express them in integral
form .



e.g.) y
"
-4y=e

Step : Find Ydk ) a. eg .

M
-

-4=0

ME 4 .
m= I 2 .

yc = c , eZ×+czé
"

y ,=e
"

yz= e-
"

step
2 : compute W=W 19 , , ya

zéx -zézx / = e.
"
Ge
"

) - zéYé2×
y ,

'

yz
. / =/ e-

✗ e-
ax

W=det /
Yi Yi

= -2 e 2×+1-2×12@
2×-1 C-2×3

= - ze° - zÉ= -2-2=-4
.

Step 3 : Computed , and we

-zé
" I = o - e-

" (¥9 = - ¥
w . =/ Fix, I:/ = 10¥

e-
"

ze
" e¥- / = e-

✗ ( e
" e4✗
f) -0 -- T

.W" / ¥. Fix, / = /
e
"

se-94 : ii. = = < = ¥ ui=¥÷=e¥×



steps compute u ,
and 42

.

U ,
= fuidx = f¥×dx= telnx

Uz = fuidx = f¥ ax ← this is the problem
integral can not

be expressed .

in terms of et . functions .
so let 42=5×5 dt

.

Steps : Particular solution ✗ eat
ypcx) = u , y ,

t Uzy z= É¥lnX -1 e-%
, ⇒dt .

Slept : general solution .

Y =D, type Ciet ↳e-
"

+ ¥ @
"
lux + e-
"fxétt
Yo⇒dt





4.7 Cauchy -Euler Equation .

Any linear differential equation
ottte form .

any:[
"
+ an-iXI.LI?+-...+aixy1-aoy=gcx?

s↑→
where an

,
an-1

,

- -

;Ao are
constants

_

P
Cauchy - Euler equation .

* degree of
each monomial coefficient = order of differentiation .

=

Consider D.E. of the form
ax

"
+bxy

'
+ Cy = 0

We try
solution y=✗m

Then y
'
= mxmt and y

"
= man-Dxm

"

substitute y
"
and y

'
into the equation .

akmt-m-y.fm?tbxmXm-'-cxm--0TTax2mcm-i)xmtbmXmtCXM= 0
. (Remember4.3)

✗MC am Cm-1) Tbm+4=0 .

✗m '

deg polynomial . this is
the auxiliary equation



Since we have deg 2 polynomial, we have 2. root , say m , and mz .

Cased : Mitmz , M , and mz are
real numbers .

In this case, soln to
the correspond.gl?.-t

.
is

Y = C , ✗
m '
+ Cz ✗

M2

examples . Solve ✗Zy
"
- ✗y

'
-0

.

Y=✗M Y
'
= mxmt y

"=mcm-DXM
-2

✗2m An-1)XM-2-xp-nxm-t-omcm-DXM-mxm-OXMCML-m-e.tn)=0

d-eh . MCM-2) -0 Mio or m=2 .

general soln : C. ✗ °+Cz✗Z= ( itGXZ .



Cased : m ,=Mz ( let say m , is areal
number)

.

In this case , soln
to the corresponding d. e is y=G✗m4cz✗M(a×

w

extra-1cm

example) Solve 4×29
"

-19=0 atatchel
.

y=✗m y '=m×m
"

y"=mcmD×M
"

4112min-1)XM"+✗m=o
4hr1m-1)Xmt ✗m=o

✗m(4mZ4m -111=0.

a.elf . 4hr2-4mn
-11=0

( 2M - 15=0

m=I repeated .

general soln : y= c. ✗É+czX±lnX



Case} : m , and Mz are conjugate complex numbers be . ✗ If i are solar.

In this case, so In to the corresponding D.E. is

D= ✗
✗
[ c , cos ( flux) + as in Cflnx ) )

examples . x-D
"-13×5+39=0 .

✗2hr1m-1)✗m-43xmxm-t-3XM-o.mlm-DXM-3.mx"
-13 XM -0 .

Xm ( Mcm- D -13Mt 37=0 .

Xm ( m? m-13m-13 ) ⇒

✗MC mmt37=0
.

m= -2ÑY. = -2±[8_ = -4¥ = -1 Efi
I F

general so In is

g-
- X
"

[c. as WE lnx) + as
in Influx)]



6. 1 is similar + different from 4.3 .

Q .

Can we solve non-homogeneous eq
-
too ?

An : Yes .
1. get complementary solar yclx

> using above methods
.

2. get particular solar usiy
variation of parameters (4.7)

or undetermined coefficients
method

.

Then the general solution
is yet Yp (Done ! :))

.



Find a general solution to the Cauchy
-Eulerequation .

+☐y=×m.¥!¥¥¥¥-E
(Mcm-D - 3m-13 ) XM =

0 .

m2- 4m-13=0 (m -91m-3)
-0 MYorME }

.

So that {✗ , ✗3) is a fundamental solution set for
the corresponding

homogeneous 'eg¥iiatio¥n? .
Next variation of parameters

method.Y"-3Éy'+Ñy⇒É
= Ci ✗ +Ce✗

3

Step : Complementary function ye ay
,
+Gyu . (since deg

2)
.

yi yi / = det /
✗ ×? 1=3×2×3

Steph : Compute W
: WG , it) = det /Y '

Y '
1. zx = 2×3

Seed : Compute wide-1K¥ ¥ / = -2 e×
.

Wide-49%4=2×30
I

fix -- 2✗É×

step : compute ui
= YI =_¥ = - ✗

'ex

and ui = ¥ = Z¥¥ =
ex



steps : compute a. = Juice✗ = f-Ñe×dX= -xtétfézxdx

= -×-é+2e% - fzédx .

= -
étéx - zé

U2=fuidX=fe×dx= e×
.

ttept : particular solution Yp=UiY , -14242

=fÑe×+2✗e×_ze×) ✗ +
e××3

= -X¥zXe✗_zxé+e#
= 2×2×-2×0

steps: general solution yzyctyp
= ax -1-4×3 -12×2×-2×5



Ego) 4×4
"

-19=0 .

g- Xm 4×2mem-DXM-2-1×4=0 .

✗M(4m cm-D -1 1) =
0

4m? 4m -11=0 .

(2M
- 1)2=0.

Mi É er mi E .

I deg 2 . .

-

.
2 solution!

D= c.✗
±
-1 EXE

attached extra term .



e.g ② ) .

✗ y
"
- y 1=0.

try y=✗m .

✗ mlm-Dxm
-2
- mxm -1--0 .

✗m(mem-D -m )
=0 .

m2-2m = 0
.

Mcm-2)=
0

mYormy2 . Coleg ↳02 solution form
?

Y= c. ✗
◦

tax! Cit Gx
?

-



e.gs#)x2y''+5xy1t3y--0tryY--Xm.X2mlm-Dxm-Z-5Xhnxm- ' +3xM=o.
✗MCMIM -15m -137=0 .

MY 4m -13=0 .

(Mtl )Cm-137=0 .

-

m=t or m= -3 Ctworealj

9=4×-1 +G✗→



e.IQ) 4Ñy " +4×91 - y--0 .

try y=Xm
.

4×2Mlm-1) Xm-2+4 ✗ MXM
"
- XM=o .

✗M(4mlm-D -14m - 1) =D .

4Mt-4m -14m - 1--0.

4m¥ 1
.

mite
me £ or mz=

- £
.

( deg 2 . so two
solution?

12 real )
general solution :

I :c , ✗
±
+ g. ✗

- I



e.9 x-D
"
-13 Xy

'

-49=0

tryy-XMX~mlm-DXM-2-3xmxm-1-4xm-o.im(MIM -13m - 4) -0.

hit 2m-4=0 .

m= -2+-14+-1-6=-1--1 = -1+-55 .

two red solution
.

Mi= -1+55
,

Mz = -1-55

y=c , ✗
" +D-

+g. ✗
-1-55

.



e.g.IS ✗
'

Y
"

-18×91+64=0.

tryy-XM.x-mcm-DXM-R-8xmxm-1-GXM-o.im(MIM -18m -163--0.

m42m-16=0.

(m -163cm-111=0 .

Mi= -6 or mz= -1 Celery 2.
⇒ Zsolt

.

two real

Y= c. ✗ -6 tax
-1



eg.TO/-X2Y''-7XY'-l4iy--0.-ryy--XM
. xzmcm-Dxm-I-7xmxm-t-4.li/m--o.xM(m2-m-7mt4D--0.m2-

8m -141=0 .

m= 8±F4÷=8±8[1bT_=8±{
= 4=152 .

C complex conjugate !

2=4
. f- 5 .

Y= ✗
" [ c , cosls-lnxi-czsinls-l.mx) ] .



eg.SU#2X2Y11tXY'ty=o.-ryy--xMzx2mcm-i)xm-Z-xmxm-1tXm-- 0 .

✗mczmcm
-D th -117--0

.

2h12m tm-11=0
.

2Mt - M 1-1=0 .

m=1±F÷= ¥-7T - ¥¥i .a- F.
complex conjugate!

y= ✗
¥ [a , cos¥41k#czsinlftglnx) ) ,


