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4.1.3 SoLuTioNs oF LINEAR EQUATIONS

Homogeneous Equations A linear nth-order differential equation of the form

d"y " adliby " dy
a,(x) - - + ++« + gy4(x) T + ag(x)y =0 3)

dx" + ¥ dx"~

is said to be homogeneous, whereas

(I”.\' (1” l.\, (1.‘»
Jon T a, l('\‘) | R (11(.\') e s (l()(.\')\' a g(.\‘), (4)
dx dx" dx B ,

a,(x)

g(x) not identically zero, is said to be nonhomogeneous.
The word homogeneous in this context does not refer to coefficients that are
homogeneous functions. See Section 2.3.

‘p o =e oo ot Superposition Principle—Homogeneous Equations

~Let y,, vy ...,y be solutions of the homogeneous linear nth-order
- differential equation (3) on an interval /. Then the linear combination

| y = ayi(x) + cyax) + -0 + cylx), ()
? where the ¢;, i = 1, 2, .. ., k are arbitrary constants, is also a solution on the
- interval.

How oo we deseribe all o+ them?



Criterion for Linearly Independent Functions

Suppose fi(x), fo(x), ..., fu(x) possess at least n — 1 derivatives. If the deter- |

minant
fl f2 fn
hi fa P
f(l;t-lj f(’."_” .:'n—l)

is not zero for at least one point in the interval /, then the set of functions
fi(x), fo(x), ..., f,(x) is linearly independent on the interval.

(21 L LRRIe L RN Linear Dependence

A set of functions fi(x), fo(x), ..., f,(x) is said to be linearly dependent on
an interval / if there exist constants ¢y, ¢,, ..., C,, not all zero, such that

afilx) + of{x) + -+ ¢, fi(x) =0

for every x in the interval.

X, 5%z, |

X, 502,

ore linewtj dependent
Qve l,iwearlj n deyewiewb o

Criterion for Linearly Independent Solutions

Let y, ¥5, ..., ¥, be n solutions of the homogeneous linear nth-order differ-
ential equation (3) on an interval /. Then the set of solutions is linearly
independent on / if and only if

W(y1, ¥2y ---

' Yn) #0

for every x in the interval.

DEFINITION 4.2

Linear Independence

A set of functions fy(x), f>(x), ..., f,(x) is said to be linearly independent
on an interval / if it is not linearly dependent on the interval.

‘e Hox4 2| = §4t2

No way EX42 = C X

where ¢ js veal numbey



IS IR - WCEl Fundamental Set of Solutions

Any linearly independent set y,, y», ..., y, of n solutions of the homogeneous
linear nth-order differential equation (3) on an interval 7 is said to be a
fundamental set of solutions on the interval.

DI IRRIOl L REA  General Solution—Homogeneous Equations

Let y,, y5, ..., y, be a fundamental set of solutions of the homogeneous lin-
ear nth-order differential equation (3) on an interval /. The general solution
of the equation on the interval is defined to be

y = yi(x) + pyax) + -+ + c,yu(x),

where the ¢;, i = 1, 2, ..., n are arbitrary constants.




I L Rgle] "R BB General Solution—~Nonhomogeneous Equations E@M 2

Let y, be a given solution of the nonhomogeneous linear nth-order l
differential equation (4) on an interval /, and let LL

Ye = ('|_V|(.\’) + (‘Z,VS(X) L ; ('nyn(x) 4 ’3
denote the general solution of the associated homogeneous equation (3) on [r 2
the interval. The general solution of the nonhomogeneous equation on the *

interval is defined to be \/ “_ c.‘.

y = an(x) + cyax) + 0+ ¢uyu(x) + yp(x) = ye(x) + y,(x).

Complementary Function In Definition 4.5 the linear combination
y('(x) = Cl.vl('r) w C:_,\':(.\') T C,,_V,,(X).

which is the general solution of (3), is called the complementary function for
equation (4). In other words, the general solution of a nonhomogeneous linear

differential equation is ‘5 lo P
¢ e €0 .
y = complementary function + any particular solution. luﬁoy\ ’[‘DY (/8 MV\AOMO” 1
\ J L— J 30 — —
L onY one should wak
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g(x) Form of y,

1. 1 (any constant) A

2. 5x + 7 Ax + B

3.3x* -2 AX’ + Bx + C

4. > - x+1 AX + BxX*+Cx+ D

5. sin 4x A cos 4x + B sin 4x

6. cos 4x A cos 4x + B sin 4x

7. &* Ae*

8. (9x — 2)e* (Ax + B)e*

9. x’e* (Ax* + Bx + C)e*
10. ¢*sin 4x Ae*cos 4x + Be'sin 4x
11. 5x’sin 4x (Ax* + Bx + C)cos 4x + (Dx* + Ex + F)sin 4x
12. xe**cos 4x (Ax + B)e*cos 4x + (Cx + D)e*sin 4x
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